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INTHODOOTIOII 

tlormel  (190S))  Uauilce  Fr^ohet  Introduced  tbe  notion  of  an 
and  oetrlo  spaces  bare  played  the  oentral  role  In  topology 

the  classical  case  hare  been  ertsndsdi  In  large  cart,  to  space 
with  nore  abstraot  distance  funotiona  <1.  2.  5>  6.  , S,  9, 

10.  11.  It,  15,  17,  18.  23.  2b). ^ More  recently  still  the 
foundatlone  for  a gaoeral  theory  of  distance  spaces  have  been 
given  (12).  The  purpose  of  this  dissertation  is  to  begin  the 
derelopnent  of  the  prlaarlly  topological  part  of  the  study  of 

O' -complete  Boolean  algebras,  tbe  geometry  of  suoh  epaoes 
baring  been  prerloualy  oonsldered  (3.  10,  11). 

completion  of  tbese  8-netrlc  spaoee  and  an  apclloation  to 

^Numerals  In  parentheses  refer  to  the  bibliograpby 
concluding  the  diaeertaion. 
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general  'topology  vheretn  It  1b  shown  that  any  Bero*dinsn- 
slonal  space  nay  be  considered  a B-netrio  space- 

It  should  be  noted  that  the  major  tool  used  In  this 
dissertation;  nanely.  the  eolutlon  of  Lattice  Theory  Problea 
TT  (y),  becane  ayallable  only  wltbln  the  past  year  (13)- 


CHAPTER  II 
FREIIUIRART  MOTIONS 

In  this  Gh&pter  itill  be  introduced  sone  notlona 
neofiBB&rp  for  later  argujcente* 

1 . Lattice  Theory ■ 

A lattice  la  a aet  of  elesienta  cloaed  under  two 
binarp  cperatlone  (AiV)  vblcb  are  defined  for  all  pairs  of 
ele^nente  and  ehlcb  aatlafy  the  folloving  poetulatee* 

(l)  xAx  ■ r » rVii  for  all  x ( IdeiBcotency) . 

<2)  xAtyA*)  - (»Ay)A*  and  iV(yVi)  - (*Vy)Vai  for  all 
I,  y,  2 taaBoelatlvl ty) • 

(3)  lAy  ■ yA»  and  xVy  » yV*>  for  all  Xi  y (connutatlYlty) . 

(li)  xVy  « y If  and  only  if  xAy  • x;  for  all  x.  y (alternation). 
If  the  lattice  alec  eatieflee* 

(5)  xA(yVr)  ■ (xAy)V(xAs),  for  all  x,  y,  t,  then  the 
lattioe  ie  Siid  to  be  di etributlye. 

It  ie  poeelble  to  define  a lattioe  ae  a eet  of  ele- 
nente  eith  one  binary  relation  (e)  ehicb  eatlefiee  the  folloir* 

Ing  poetulatea: 

(1)  X t x;  for  all  X (reflexlyity) . 

( 2)  X < y and  y < X Inpliee  x*  yi  for  all  x»  y (ontlayninietry)  • 


Inpl lee 


(3]  X < y &nd  y < 2 inpllee  x ^ z»  for  All  Xi  y>  2 

( tranaitiritv) • 

(Is)  For  uiy  X.  y tb«re  exists  an  element  t,  called  the 
greatest  loser  bound  (g-l-b-)i  euoh  that  x < i and  t < y 

(5)  For  any  x.  y there  exists  an  element  s,  called  the 
least  upper  bound  (1 <u.b.) . sueta  that  x < s>  y < Si  and  if 

These  two  sets  of  oondltions  can  be  shown  to  be 
equipollent  If  one  defines  x < y If  and  only  If  xAy  “ x 
to  get  the  second  set  fron  the  first, and  If  one  defines 
lAy  as  ths  g.l.b.  of  x.  y and  xVy  as  the  l.u.b.  of  x,y 
to  get  the  first  set  from  the  second* 

If  there  are  two  elenente  0,  1 of  the  lattice  which 


satisfy: 

(6)  0 < X*  for  all  X- 

IT)  * < 1'  toi  all  X- 

than  the  lattice  is  said  to  bare  a first  eleoent  and  a last 
element-  If  further  a lattice  (with  l)  satisfies: 

16)  for  any  x there  exists  an  element  x*  such  that  xAx*  * 
and  xVx'  ■ 1,  then  the  lattice  Is  said  to  be  conplsnented* 
a Boolean  algebra  la  a distributive  oospleaeated 
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An  elenent  In  a Boolean  algebra  whioL  follows  each  ele- 
ment of  a countably  infinite  set  and  whlcb  precedes  any  element 
whlob  follows  all  is  oalled  the  l>u«b<  of  the  set  and  is 
denoted  by  V Xj • Also  an  element  in  a Boolean  algebra  whiob 
preoedee  each  element  of  a countably  infinite  set  and  wMoh 
follows  any  elsaent  whiob  preoedee  all  io  oalled  the  g<l*bi 
of  the  set  and  is  denoted  by  A Xf  If  each  countable  set 
bae  a l*u<b«  and  a g*l>b*  then  the  Boolean  algebra  is  said 
to  be  a c-conplete  Boolean  algebra. 

In  a (T-oomplete  Boolean  algebra  11m  sup  Xj^  • Tim  x^  • 


A Vx, 
3‘1  1-3 


s inf  X 


V Ax. 


s the  1-u-b.  and  the  g-l.b 
countable  set  of  elements.  If  the  T 


If  all  subsets  (including  tbs  null  (0}  set)  of  a 
given  set  of  cardinal  7^  are  considered  and  set  Inolusion  le 
the  binary  relationi  then  the  resulting  structure  is  cilled 
a full  set  algebra  and  has  2 elements.  This  full  set  algebra 
can  be  shown  to  be  a ^-oomplete  Boolean  algebra. 

For  gra:iter  detail  ooneult  0.  Birkboff 


la  aald  to  be  a Kuratowabl  epaoa  If  It  aatiafiee  tbe  folloalng 
poatulatee: 

(1)  For  every  aet  f,  of  elementa, there  la  a cloaure.  T. 

(2)  X C T;  for  all  X. 

(3)  X u Y - X U 7;  for  all  I.  T. 

(b)  Ic  x;  for  all  X. 

(5)  7-0  {ebere  0 la  tbe  null  set). 

A aet  X le  cloaed  if  X • 

A aet  la  oalled  an  open  aet  if  the  aet  of  elenente  wbloh 
are  not  In  it  (ita  oonplenent)  is  olosed- 

A point  or  eleaant.  p,  la  said  to  be  an  aooumulatlon 
point  of  a aet  If  every  open  aet  ehlob  baa  p ae  an  element 

olosed  If  it  oontalne  all  of  Ita  aoaumulatlon  points-  A oloeed 
aet  defined  la  terns  of  aoounulatlon  points  Is  a olosed  aet 
defined  in  teme  of  cloaure,  and  oonveraely, 

providing  any  open  eet  containing  x contains  alnoat  all  of  tbe 
(all  but  a finite  mugber)- 

A mapping,  f.  of  one  apace  onto  another  (f:  le 

a oontlnucuB  mapping  providing  for  each  open  set,  n,  In  L 
that  f(7)  - U. 


Had  the  definition  of  a Kuratowekl  epaoe  been  glTen 
In  terms  of  Units  of  sequenoss.  then  the  two  systems  could 
be  ehora  to  be  equipollent.  The  oloeure  of  a set  la  gotten 
by  talcing  limlte  of  all  seouences  In  the  set  and  Including 
them  In  the  eet*  It  is  unnecessary  to  take  Unite  of  Unite 
of  eeauencee  as  no  new  elements  will  reaulti  that  Isi  we  get 
oloeure  by  one  application  of  the  Unit  function  (2^)* 

A topologloal  space  la  said  to  be  a T^-spaoe  If  for 
any  elements  Xi  y of  the  space  there  le  an  open  eet  about  one 
whloh  does  not  contain  the  other. 

A topologloal  epaoe  le  said  to  be  a T^-epaoe  if  for 
any  elements  x,  y of  the  epaoe  there  le  an  of’in  set  about 
each  whloh  does  not  contain  the  other*  An  equlTalent  condl* 
tioQ  Is  that  all  finite  sets  be  closed. 

A topological  space  Is  said  to  be  a T^-epace  (HauedorffJ 
If  for  any  eleoente  ti  y of  the  epaoe  there  Is  an  open  eet,  U. 
about  X and  an  open  eet»  Vi  about  y and  U H 7 k o>  An  equlw* 
alent  condition  in  a T^-epace  le  that  limits  be  unique. 

A topological  epaoe  whloh  le  Is  said  to  be  a 
T*^>spaoe  (regular)  If  for  any  oloeed  eet  X and  a polnti  p.  not 
In  It  there  exlet  two  open  eete  U.  7,  xc  u,  peV,  and 
H ft  7 « 0. 

A topological  space  which  le  le  said  to  be  a 
Ti.-Bpaoe  (normal)  If  for  any  two  disjoint  closed  sete.  X.  T, 

(l *e.  X ft  7 w 0)  there  exlet  two  open  eete  U,  7 with  X c o, 


A topological  epaoe  1b  eald  to  be  conpaot  if  every 
infinite  set  h&e  a point  of  aooiinulatlon* 

If  every  point  of  the  epaoe  la  a point  of  accumulation 
of  the  epaoe  then  the  epaoe  la  denee  In  Iteelf- 

Ift  la  a luratoeekl  epaoe  £.  for  any  oloeed  set  A|  and 
any  element  p not  In  A.  there  exiete  a contlnuoue  mapping  f. 
of  K onto  a eubeet  of  the  Interval  [0i  l]  euob  that  f(A]  ■ 0 
and  f{p}  • 1.  then  E ie  eaid  to  be  oompXetely  regular- 

for  greater  detail  coneult  R-  faldyanathaevamy  (R5)- 


A set  of  elenents  eltb  a function  (d)  on  39  ->  R le 
called  a metric  space  promldlng  It  eatisfles  the  folloelng 
postulates- 

(1)  d (si  7}  • o If  an;  onl]'  If  x - y>  for  all  x>  y 

-{2)  d(i.  t)  * d(y.  x):  for  all  x.  y (sYTi-retry)- 

(3)  d(x.  y)-hd(y,  e)  i d(x,  s);  for  all  x,  y,  t (triangle 

ineouality). 

It  is  possible  to  generalize  this  notion  so  that  the 
ground  set  (R  in  the  aboee  fomulatlon)  is  any  lattice-  Such 
a epace  is  called  a 'generalized  metric  space'-  In  a metric 
space  the  concept  of  Unit  is  defined  as  follows:  11m  x-  - x 
1 

(where  (x  { is  a secuence)  providing  for  any  £>  0 there  ie 
a positive  Integer  B euoh  that  for  any  n > H,  d(z^>  x)  < £ • 

A esousnca  (x^|  is  said  to  be  a Oauohy  Seouenoe  If 
for  any  £>  o there  Is  a poeitlve  integer  H such  that  for  any 
n-  m > N.  d(x  < X } < £ - It  has  been  shown  that  any  metric 
space  can  be  completed  {20)\  that  Isi  a metric  space  can  be 
densely  oongruently  Imbedded  In  a metric  space  which  has 
llnlta  for  all  Oauohy  sequences-  The  question  then  beoemes- 

satisfactory  definitions  of  limit  of  a sequence  and  Cauchy 
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Bequ«noe  ha»8  been  given)? 

For  greeter  detail  eoneult  David  fflUe  (12). 
Further  notions  will  be  developed  aa  needed- 


OUAPTCR  III 


1 . Pml  Imlnarlts 

In  the  retoelnder  of  the  work>  B shall  alwaje  denote 
a c-ooDplete  Boolean  algebra*  In  5 ve  denote  the  operations 
of  Joint  oonplamenti  aeett  and  symieetria  differenoe  bp  N/ 1 
*1  and0i  respeotiTelp*  Bpoinetrlc  dlfferonce  can  be 
defined  in  terns  of  N/t  *i  andAas  follows^ 

(s)  X®  p - (*  Ap')  V(X'A  y)- 

If  is  a sepuenoe  of  points  in  B,  then  the  lislt  of  a 

seouenoe  as  defined  in  Chapter  2,  Section  1 Induces  a topo- 
logp  in  B knosn  as  the  K-topologp  {Kantorositoh  topology)  or 
as  the  seouentlal  order  topology  (3i  l6>  Bl)> 

Re  shall  need  the  folloelng  xsll-knoim  and  easily 
shown  facte* 

(1)  lin  ij  < Tim  Xj » for  arbitrary  eeouenoee  (3)* 

(2)  lin  <XjV  y^)  g lin  x^V  llm  y^i  for  arbitrary 
seouenoes  ( 22) * 

(3)  lin  Xj  « 0 le  equlralent  to  Iln  *j  “ 0 (this  follows 
lnuiediatelp  froa  (l))i  for  arbitrary  seouenoes* 

(h)  The  Boolean  operations  ( V • ' i A*  ®]  are  continuous 
in  the  S-topologp  of  B (3,  22). 

*e  shall  also  need  the  following  Leraa  obtained  bp 
Darld  Sills  (13): 

-11- 


Leirrna  1.  * for  all  1 , and  lim  x.  ■ Xi 

j J 1 j 1 

then  there  ta  a function  3(1)  ^ that  k(I)  > J(l) { for  all  1. 
lapses  llm  xJ^^j  • X. 

By  a B^etrlc  apace  we  aball  nean  a set  8 together 
with  a function  (d)  which  aatlafles  the  three  oondlttona  In 
Chapter  2,  Section  J with  *R*  raplaoed  hy  "B"  and  replaced 
by  * V *•  In  the  language  of  the  paper  (lB)i  a B^metrlc 
apace  le  a ^eneralleed  oetrio  apace  OTer  B'« 

If  3 is  a B*Betric  apace  we  define  d-llo  x^  ■ z In 
S If  and  only  if  lln  d(x^.  x)  e o In  B.  The  reeultlng  aeguen* 
tlal  topology  la  oalled  the  d-topology  or  netrlo  topology  of 

A topological  apace  3 la  said  to  be  netrlzable  over 
B If  there  la  a function  d(x,  y):S3-*B,  under  whlob  3 forma 
a B*metrlc  apaoe  euoh  that  llm  x,  w x in  the  original  topology 
of  B If  and  only  If  d-llm  Xj  - x. 

It  la  to  be  raoalled  (lOi  11}  that  B Iteelf  forme 
a B-oetilo  apace  under  the  autonatrlsatlon  d(x.  y)  • x0  y- 
2.  The  antometrl aatlon  of  8. 

1 • B in  Ita  K-topologr  Ip  aetrlrable  over  Itaelf 
by  the  autoaetrl ration. 

Proof.  Since  B la  a B-netrlo  apaoe  under  d(Xi  y)  • 
X®  yp  we  need  only  ahow  that  llm  ij  ■ i If  and  only  If 
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llo  d{xp  Xj)  ■ 11a  (x  ® Xj)  ■ 0.  The  'only  If  part  le 
laaedlate  from  the  continuity  of  €>  In  the  E-topolo^  and  the 
nllpotenoy  [z0  x « 0)  of0*  Suppose  that  11a  (x0  x^)  ■ 0> 
then  llB  (<x’  A xj  V (x  A x^ ' ) V ( x A ' ) ) - 0-  Ua  (x' A x^)i 
11a  (x  A Xj' ) < lla  ( (x'  A x^)  V (x  Ax^' ))  • O'  Therefore 
Tim  Xj  < X and  x < lie  Xj • By  traneltivlty  »e  b*T  the  de- 
sired conolueioo' 

Theoren  1 laplies  that  we  shall  obtain  results  about 
the  X-topolo^  of  B as  epeolal  oases  of  results  dealing  with 
general  B-aetrio  epaoes*  Sons  of  these  special  cases  bars  been 
prsTlously  obtained  by  Loeslg  (33),  although  the  abore  defin- 
itions do  not  all  agree  with  bis- 

3.  Continuity  of  the  distance  function-  The  olosurs  In  S. 

Let  3 be  a B^astrlc  space-  It  is  well-hnown  that 
liolte  are  unloue.  subseousncss  of  a convergent  seguenoe  con- 
verge to  the  sane  liniti  and  a eeouenoe  alnoet  all  of  whose 
elements  coincide  converges  to  that  element  in  the  S-topology 
of  B (3*  l6p  31)-  These  Inply  the  corresponding  facte  in  3- 
Thus  the  d-topology  of  8 naXee  S a Hauadorff  space- 
Theeren  3.  21'  IS  S'  d-llo  - X and  d-llB  y^  - y.  then 

llB  d(x^i  yj)  w d(x.  y)- 

Froof-  Assume  the  hypothesis-  By  a repeated  appli- 
cation of  the  triangle  ineouallty. 


-i4- 

<1)  «(i.  y)  < a<*i  Xj)  V a(xj,  7j)  V d(y.  Tj)i  ?or  ail  1. 

<2)  d(x,  y)  i llffi  (d(x,  Xi)  Vd(xj.  y^)  Vd<y.  y^))  < 
lia  (d(x,  x^)  V a(xj.  y^))  VTIi  d(y.  y^)  < lla  d(x^.  y^)  V 
TTa  d(xi  x^)  - Ito  d(x^.  y^). 
siBllarly. 

(3)  11b  d(Xj  r < d(x.  y>  froB  the  fact  that  d(x^  i 7j)  £ 

d(xj . x)  V d(yj , y)  V d(x.  y) . 

(2)  and  (3)  togethax  yield  Theorem  2,  Theorem  2 may  be  re- 
etated:  The  dletance  function  of  a 5«aetrlc  anaoe  la 

elmultaneouelv  continuoua. 

Theorem  2-  If,  In  8,  d-lla  x^  - x^  fo£  all  1,  Md  d-lin  Xj  - x. 
there  la  a ftmotloa  J(l)  50  that  k(l)  > 3(1) « for  all  1. 

Impllea  d-llm  “ *• 

Troof . Application  of  TheoreB  2 to  the  bypotheeee  of 

Theoreo  3 yielde  llBd(xt 1 x)  • d(x,  . x)i  for  all  1,  and  11b 
I ^ ' I 

d(xi^,  x)  e o>  Application  of  henna  I now  yielde  the  oonclu* 

elon  of  Theorem  3* 

Since  S is  Hauedorff  and  forme  a topolosioal  group 
under®  in  Ite  K-topoIogy.  we  may  Infer  (19)  that  B le  oob- 
pletely  regular  In  Ita  f-topology-  Thle  yielde 
^hggliS  i‘  ^y»ry  B-aetrlo  anaoe  le  oompletelY  regular  in  ita 
d- topology. 


Proof-  Let  a b« 
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elosed  subset  of  S aod  p a.  poiot  of  a not  In  0-  aiRoe  d(pi  z} 
Is  a continuous  function  of  z in  a and  d-limite  are  unique- 

0 (if  P contained  0 then  ee  could  oonetruot  a esqusnoe  of  z^'a 
ehiob  would  approach  p and  hence  p would  be  an  element  of  C, 
whloh  would  be  a contradiction)-  Thue>  there  ia  a continuous 
napping  f:B—  [o,  l]  with  f(0)  - 0 and  f(x)  - li  for  x in  T. 
Then  f(d{p,  z))  ie  a continuous  mapping  of  S into  [O  ■ ^ (the 
transformation  product  of  two  continuous  functions  being 
continuous)  with  f(d<p-  p))  - 0 and  f(d(p>  x]}  - li  for  z e C- 
Bumnarising  the  results  of  this  eeotlon  we  state: 

by  the  elnele  application  of  the  tier  function  (25).  (The 
tier  function  ia  a function  which  joins  to  a set  its  limit 
points) • 


We  define  a Oauchy  sequenoe  in  3 as  a secuenoe  {x.j  in  8 with 
the  property: 

(c)  lim  11m  d(x,  . X.)  « 0. 

13  ^ ^ 
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One  should  note  that  this  is  ireakBT  than  Loswlg's  (22) 
definition  of  Cauchy  aecuence  ehloh  reouires  the  existence  of 
an  independent  double  Unit-  One  should  also  note  that  (0) 
is  eoulTSlent  to  lin  lisidCx.  > x^)  « 0> 

I J ‘ J 

9 is  ooieplete  proTided  every  Cauchy  eepuenoe  in  3 
converges  to  a point  of  S. 

Theoreg  B ^ oonulete  in  the  autonetri ration. 

Proof.  Suppose  jij}  is  a Cauohy  sequence  in  B. 

Now  I 

(1)  d(x. , TIi?  X,)  • (x,  A (TTb  xJ')  V <x,'  a Tla  xj  - 
' 1 3 ^ 3 3 1,3 

^ likS  Xj' ) V (Xj‘  A 11m  Xj)  - (x^  A xj)  V TTa  (ij'A  x^) 

TTb  (x  a X,' ) V iim  (x  ' /S  X ) < 11m  d(x,  . z ) • 11m  d(x,  > x ) 

j 1 3 j 1 3 j i 3 } i 3 


(2)  Iim  d(z 
Theorem  ’•  J 


d-lln  X,  . 11m  x^. 

13’ 

exists t then  |Xj|  is  a Cauehi 


Proof.  Let 
d(x>  ij)  ( for  all  i. 


Lin  d(x,  X, ) • 0. 

1 ‘ 

Hence  lim  lin  d(i 


By  Theorem  2.  lim  d(x, 
x^ . Xj)  - lin  d(x,  Xj) 


again  by  Theorem  2> 

Lemma  £.  IfpinBiji^jisa  Oauchv  Beouence  and  y e 3i  then 
lin  d(x^ . y)  exists. 

(1)  d(x^i  y)  < d(x^.  x^)  V d(y,  Xj)i  for  all  i,  J. 

(2)  TTn  d(Xj  . y)  < il(xj  . y)  V lin  d(x^  ■ x^  ) i for  all  3 . 
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(l!)  TTS  d(x,  > y)  < liia  d(*, . y) . which  eonoludCi  the  proof. 

1 ^ 3 ^ 

LeaTia  _If  and  ^y^}  are  Cauchy  aeouenceB  In  8.  then 

Ilia  d(rji  7j)  erlBta- 

Proof.  LODiaa  2 will  be  anplied  In  thle  proof  without 


tl)  d(Xj,  y^)  < d(tj,  Xj)  V<J{Xj,  y^)i  for  all  i,  }. 

(2)  Tin  d(x.  . y.)  < llB  alx.x,)  VllB  d(i,,  y, ) S for  all  J. 


Let  9^  denote  the  olaae  of  all  Cauohy  eeouenoea  In  9 
and  define  for  [iil  . iri|  In  9j.  {x^|  ~ jy^j  If  and  only 
If  d(  . {yjj  ) e ll»  d(xi,  Tl)  - 0. 

j*.  The  relation  ^ la  an  eauiyal ence  relation  > 

Proof.  The  relation  ~le  clearly  reflexive  and  aym- 
metrlo.  To  ehow  traneltlylty.  let  ~ [y^j  and 


I'il  ~ 


I . Then 


(1)  d(xj,  tj)  < d(ij.  yj)  V d(yj,  z^)v  for  all  I. 

(?)  TTi  d(*j.  Zj)  <TIi  (d(»j,  7^)  V d(yj,  z^))  - lln 

d(z.  • 7, ) V Urn  d(y,  . z. ) • 0-  Tbia  oonoludea  tba  proof. 

» 1 1 ‘ * 

Ve  denote  by  the  aet  of  equlvnlenca  olaseea  of 
under  That  is  Bj  ■ 8^//^  • If  {xjj  6 Bj  p we  denote  by 
JjXjjj  the  oenrber  of  8j  containing  jxjj  . We  define  In  Bg, 


Sg  will  be  a 8-netrlo  epaoe  under  tble  dietance  function  pro~ 
vlded  the  distance  function  la  independent  of  the  oeobers  of 
equivalence  claasea  ohoaen  to  oomputs  It. 

Lerrae  1-  If.  In  S^,  {ijl  ~ jy^)  and  ^w^j  ~ {z^j  , then 
d(  izj  . {,^1  ) - d(  l7,{  . [z,j  >. 

Proof. 

(1)  d(ij.  Wj)  < d(ij,  y^)  Vd(yj,  z^)  Vd(z^,  w^);  for  all  1. 
Thus  I 

(?)  lln  d(xj.  W^)  < lln  d(xj.  yj)  Vila  dCy^,  z^)  Vlim 

d(Zj,  Wj]  - llm  d(y^.  Zj). 

Blnilarly . 

(3)  lln  d(7i,  z^)  < 1^  d{x^.  Wj). 

Be  are  now  ready  to  show  that  8^  le  c.  ooigpletlon  for 
B of  the  Cantor-Bauedorff  type  (?0). 

^£2£|S  Sg  i*  h conplete  B-aetrlc  aoaoe  and  S la.  congruent 
(13)  la  5^  dense  subset  at  8g. 


d( 
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Proof . By  the  preceding  leicniaa  and  renarke.  Sj  la  a 
B-fsstrlc  space.  It  Is  clear  that  S le  Qongruently  Inbedded  (iS) 
is  Sg  by  the  isapplDg  z -«  > ebere  {z^}  desotes  a asq- 

uesce  all  of  whoae  seotbera  are  z*  The  denalty  in  of  the 
image  of  3 under  thla  mapping  followa  in  the  usual  fashion  (PO), 
by  the  ealection  of  sequenoas  diagonally;  that  isi  if 
la  an  element  of  8g  then  [[z^}|  « d-llm  "bare  Zj  - z^l 

for  all  j.  for  all  i>  Tbue  we  need  show  only  that  8g  is 
complete*  Lemma  1 and  the  lemmas  of  thle  eeotion  are  used  with- 
out specific  mention-  Let  a Cauchy  eequenoe 

(1)  Usi  11a  11m  d(z‘,  zj)  « 0 

Prom  (!)•  there  le  a b(j)  eo  that  k<J)  > b(J)  Inpliee* 

>;■  >f  ■“■ill)’ -!())> -"• 

A1  eo> 

(3)  llm  llm  d(zj.  xj)  - 0;  for  all  i. 
j -k  3 k 

Prom  (3)  I there  ie  an  a{i)  ao  that  ]<i]  > a(i)  Implies 
(»)  u.  u.  0. 

Let  J(i)  > maz  (a(l) , b(l)) . Then  lim  . »J(t  ))  9*l8ts 

by  (h)  and  a eubseouence  argument,  and 
(5)  lim  llm  d(z‘Q),  . 0* 

Also,  lim  d(zj(^^>  szlste  by  (3)  and  a eubeeouenoe 

argument,  and 

(5')  llm  llm  zj(,))  - 0. 
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(s)  ■;(,))  •!(,)> 

for  &11  1 1 <r- 
TbUB> 

<”  ™ 'll.)’  5 'it.)’ •“■Ju)’  'ii, 

for  «11  1. 

Howt  by  a rather  oospllcated  seguenoe  of  applications  of  the 
triangle  Inequality  and  linlting  prooBaaes.  one  sbo*e  that 
lie.  eriata. 

It  then  follows  froB  (5)r  (5').  and  (?)  that 

(8)  llB  llB  j>  • 0 eo  that  le  a Cauohy 

eequenoe.  Thus  j{*)(i)]]  ^ ^2'  triangle 

inequality; 

(9)  lie  d(xi,  < llB  aUj,  zj(i))  V IIB  d{xj(i),  xj,,.)); 

for  all  i.  From  (5).  (5').  and  (9),  than,  we  hare 

(10)  liB  llB  d(xjj.  xj(^))  - 0 BO  that 

(11)  d-llB  [(xji]  - and  we  hare  shorn  that  Sj, 

is  ooBplete* 

5-  Clgreaelop.  An  anolloatlon. 

A filtre.  F.  is  a ayateiB  of  aubsete  of  a set.  E.  eatie- 
fylng  the  following  conditions’ 

(1)  The  null  set  (0)  does  not  belong  to  F> 

(2)  If  u 6 F,  u C ».  then  t fe  F. 

(3)  If  u 6 F , V e P , then  u f\  t « F. 
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A base.  B.  for  a fllbrei  r.  ia  a system  of  subeeta 
aatlafylog  tbe  following  oonditlona: 

(II)  Tbe  null  est  dose  not  belong  to  B. 

(5)  If  u & B>  7 e B.  tben  tbere  exlata  a n a F,  suob  tbat  unv 

By  EE  we  mean  the  aet  of  ordered  oouplea  (xi  7),  where 
Xi  7 a E.  Tbe  diagonal  of  ES  la  the  aet  of  couples  (x.  x)i 

A fiitre.  F.  defined  on  EE.  defines  a unlforo  structure 
If  It  satisfies  tbe  following  conditional 

(6)  Any  sleaent  of  the  filtre  oontaina  the  diagonal- 

(T)  If  we  deaignate  by  u~^  tbe  aet  of  (y,  x).  where  (x.  y)  e u> 
then  n"l  e F If  u e F. 

<g)  If  we  designate  by  u^  the  set  of  (xi  y)  suoh  tbat  there 
exists  a s with  {x.  t)  € u.  (s.  y)  S u,  then  there  la  a u e F 
so  that  u®  c 7 if  7 6 F. 

The  filtre  F is  said  to  be  the  filtre  of  the  uniform 
struoture.  If  u a F tben  u(a)  is  tbe  aet  of  x'a  such  that 
(a.  X)  a u. 

An  elenentt  u.  of  the  filtre  la  idempotent  if  u*^  w u 
and  Is  eynniotrlo  If  o*^  « n. 

A topologioal  epaoe  whloh  Is  is  aero-diaenalonal 
if  and  only  If  it  baa  a baae  for  open  seta  conaietlng  of  open 
and  closed  seta- 


}f  unlfora 


deflnad 
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£•  Let  S ba  a space  o 

by  a flltre  ban ng  a aywmetrtOi  Idenreotent  base-  Theai  S is 
zero-dtnenalonal • 

Proof-  Let  7 be  the  flltre  of  the  hypothesis  and  B 
the  base-  Let  0 be  any  open  set  In  S and  p any  point  of  0< 

Then,  since  0 oontalns  a neighborhood  of  each  of  Its  points, 
there  is  r a 7 eltb  r(p)  C.  0>  Blnoe  B la  a base  for  7,  there 
areui.Uj 6 B with  A Uj  C v.  Thus.  A Uj(p)Cr{p). 

To  show  that  f\  u,(p)  « u(p)  la  open  and  oloaed,  it  sill 
Ul  ' 

suffice  to  aho*  that  u^(p]  is  open  and  oloeed  for  1 ■ 1.  2><-->n. 
Since  Is  BynretTlo  and  Idempotent.  (z.  y]  e u^  la  an  equir- 
alence  relation.  Thus,  the  neighborhoods  defined  In  B by  tbs 
are  a disjoint  ooeerlng  of  S.  Tbase  are  open  alnoe  they  are 
nel^borhoode  and  oloeed  since  their  caoplenente  are  open. 

Theorea  10.  If  8 ^ a eero^diBensional  enaca . the  topology 


8 oonpatlble  with  a unlfora 


B defined  ^ a flltre 


Interaeotlon. 

ooeerlnge  of  3 by  disjoint  open  ests-  Let  C - be  any 
such  corerlng.  Define  ug  - j<i,  y)|  3.  ; i a C^.  and  y 6 G.j 
. each  Uq  is  aynoetrio  and  idenpotent.  Also,  the 
ctlon  of  Ug  and  Ug.ie  a ugi,  for  If  0 = |o.j  , 
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Theorefa  Ig.  Let  B ^ a spao0  of  unifotic  structure  defined  by 
a flltre  P having  a Bmoietrlo i Idenpotent  baae  cloeed  under 
finite  interseotion.  Then  3 ^a  aetrlzable  over  the  Boolean 

Proof.  Let  B be  the  base  of  F deecrlbed  in  the 
hypotheaee.  Define  B(z,  y]  ~ |u  a B|(xi  y)  e u|  and  define 
d(x,  y)  - B - B(x>  y).  Slnos  the  diagonal  of  SB  is  in  all 
elementa  of  F>  d(xt  y)  eatiefiee  the  vaniehing  oondltion  one 
■ay-  3 iBi  hovereri  understood  to  be  so  that  d{x.  y)  - 0 
iopllee  X • y-  The  eyanetry  of  d(z.  y)  Is  innedlate  fron  the 
symmetry  of  B.  Ko*  let  u a d(x>  y].  If  u <1  d(x,  z)  and  u ft 
d(y.  z).  then  (i,  j)  e.  ^ u.  »hich  is  a contradiotlon- 
Henoei  the  triangle  Inequality  is  satisfied  and  8 forms  a 
metrio  spaoe  under  d{x.  y). 

Let  lim  z ■ x in  the  topology  of  S-  Suppose  also 
that  there  is  an  element  u in  B so  that  n e lim  d(x>  x.). 

i J 

Then  for  a given  Integer  h there  is  J > k so  that  {x,  x^)  ff  u 
which  is  impossible  since  u oontains  almost  all  k)*  Ttausi 

the  topology  of  S is  stronger  than  the  induced  dlstanoe  topology. 

Suppose  next  that  11a  d(xi  x.J  • 0 and  there  le  a 

3 ^ 

neighborhood.  u(x] , which  excludes  Infinitely  many  x^ • (This 
follows  from  a neighborhood  v(x)  general.  In  F>  sinoe  B is  a 
base  of  F and  is  closed  under  finite  intersection).  Then 
u E d(x.  ) for  Infinitely  many  . which  is  a contradiction. 


iger  than  the  topo- 
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Thusi  the  Induced  distance  topology  Is  stron 
logy  of  B and  the  theoren  la  proved. 

Combining  the  last  tso  theorems  ee  may  state 
Theorem  IT.  U B a zero-dlnen sional  space  then  a Is 
metrlzable  over  2®®. 

6-  Beale  tooolQgl  cal  pro  duets. 

Let  8^  be  a eequenoe  of  B-metrlo  spaces.  Denote  the 
combinatory  product  byTT  and  the  projection  of  TT  3^  onto 
8j,  by  TO!  TT  8^  -•  Sj,.  Define  a dletanoe  funotlon>  and  hence 
a topology.  In  17  Sj,  by  d(x,  y)  • Vd.(Xj,  y^). 

each  n , TO!  IT  3^  — » 8^  ig  centlnuous . 

Proof.  If  11m  dU",  x)  - 0,  then  lim  d(x”,  x^^)  = 0. 

Ijiml-  iKSiui."™'  na.,-s.  Hsiai- 

Proof.  Let  C be  an  open  eet  in  T1  3uppoae  there  la 
a seouenoe  In  the  complement  of  "n  (C)  and  a point  x,.  In 
"n  (o)  Hith  11m  d(x^,  x„)  ■ 0 for  eome  given  n.  aeleot  x any 
point  of  0 ehoae  n^*>  oodrdinate  Is  x^.  Take  x™  with  n*'' 
ooBrdlnate  x^  and  the  remaining  ooSrdlnatea  those  of  x.  Then 


li;.  TT  8 forma  ^ B-mStrlo  space  under  d(l>  y) 
Vd(Xj,  y^).  The  topology  Induced  bv  this  diet! 

Is  a ee.ik  product  topnlogv  in  TT  8 ( 25 ) • 


fashion  elnllar 


nay  sho>  that  if  8^  la  a B^-netrlo  space  for  a oolleotion  (Sj^) 
and  If  B is  the  cardinal  produot  of  Bj.,  then  ^ Bj^  fotne  a 
B-netrlo  epaoe  under  d(r.  y)  - (d^  (i^i  y^^),  dg  (*g.  yg). 
and  the  induced  dietanoe  topology  la  again  a seak  product 
topology. 

It  la  an  open  ouestion  as  to  imdar  shut  condltione  the 
ireak  product  topologies  Juat  mentioned  will  be  the  oorreaponding 
strong  product  topologlee-  Thle  oueetion  renaina  open  even 
after  introducing  a seouanoe  of  ’oonTergenoe  factors'  In  the 
distance  funotlon  as  la  done  in  the  netrlsatlon  of  a product 


In  general,  infinite  set  algehrae  nay  be  shown  to  be 
dense  in  theDaelwee.  An  open  question  is  the  denelty-ln-eelf 
of  genersl  CT-oonplete  Boolean  algebrae- 


of  general  algebras-  Be  define  a subeet  of  a set  algebra  to 
be  bounded  prowlded  the  distance  set  (in  the  autometrlzation) 

finitely  oompaot  if  its  bounded  eubaete  are  oonpaot. 


oaerably  inflnlt 


It  aufflc 


ebow  that  11m 
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{Xfl  ot  the  bounded  eubeet  boneldered  well-ordered)-  If  the 
bounded  subset  (oonsldered  well-ordered)  has  a Unit,  the  tbe- 
orsn  Is  proved-  Suppose,  however,  that  lln  ' 7 oootalna 
lln  w s aa  a proper  subset-  If  y - x Is  a finite  set 
■g>---*„)  then  we  delete  all  of  the  eleroente  in  jz^j 
which  contain  v^  and  all  of  the  elsnents  In  the  remaining 
sequence  which  contain  w^  and  so  on  through  w ■ fhe  remaining 
sequence  will  have  a limit-  If  y - z is  a oountable  eet 
(w^,  Sg,-- -w^,  - ■ •)  then  we  delete  all  of  the  elements  la  jx,} 
which  contain  w^  and  all  of  the  elements  in  the  remaining  eet 
which  contain  w^  and  eo  on-  If  there  Is  a sequence  left  after 
denumerably  many  deletions  then  the  resulting  sS'-iuenoe  has  a 
limit-  If  there  is  no  sequence  left  then  consider  the  first 
element  in  which  was  rejected  because  it  oontalned  w^ 

and  the  first  element  which  was  rejected  because  it  contained 
Wj  and  SO  on-  This  yields  a eequenoe  |z^  j which  has  a limit- 
dupposs  y - z is  an  uncountable  set,  then  let  x^  he  an  element 
of  |x^|  which  contains  an  uncountable  number  of  elements  of 
y - z-  It  follows  that  the  cardinal  of  (z^O  yHs*)  ^ 

(also  the  cardinal  of  z^  H z'  > ^,)- 
Thus, 

(l)  w^  B d(Zj^>  z^)v  where  w^  is  countable-  for  each  i (by 
hypotbeals)  • 
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